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SYNOPSIS 

T o  correlate swelling equilibria for heterogeneous polyacrylamide gels in water to the 
monomer concentration a t  preparation, it is necessary to modify the classic Flory-Rehner 
theory. The necessary modification concerns the relation which links the number of segments 
between junction points to the monomer concentration at preparation; that relation is here 
adjusted empirically. Modified theory is compared to experimental swelling equilibria for 
polyacrylamide gels synthesized in water by free-radical copolymerization of acrylamide 
(AAm) and N,N-methylenebis(acry1amide) (BIS) at various monomer concentrations. 
Synthesis conditions studied are (1) different AAm-to-BIS ratios with fixed total monomer 
concentrations, (2) different total monomer concentrations with fixed AAm-to-BIS ratios, 
and (3) different AAm-to-BIS ratios with a fixed number of BIS molecules. The modified 
theory and experiment show good agreement. 0 1996 John Wiley & Sons, Inc. 

INTRODUCTION 

Experimental and ~wellin$-~ studies on 
polyacrylamide gels have shown that polyacrylamide 
gels are inherently heterogeneous. Structure in- 
homogeneities in polyacrylamide gels have also been 
observed by electron microscopy" and by various 
scattering experiments.l'-l6 

These studies indicate that in polyacrylamide 
gels, polymer segments, and junction points are not 
uniformly distributed. However, Flow-Rehner-type 
theories of gel swelling are derived for homogeneous 
gels. We present here a simple semiempirical mod- 
ification of Flory-Rehner t h e ~ r y ' ~ - ~ '  to take into ac- 
count gel heterogeneity. 

Using standard molecular-thermodynamic mod- 
els to describe swelling equilibria for polyacryl- 
amide gels in water, Hooper e t  al.' and Baker et 
al.5 attempted to  correlate the swelling properties 
of polyacrylamide gels to the monomer concen- 
tration at  preparation. Theory and experiment, 
however, showed only semiquantitative agree- 
ment, probably because the elastic contribution 
to the Helmholtz energy of mixing was given by 

an expression for a perfect network characterized 
by the monomer concentration a t  preparation. 
Our proposed modification in the elastic con- 
tribution dramatically improves agreement with 
experiment. 

THEORETICAL BACKGROUND 

Chemical Potential 

Consider a binary mixture containing solvent (com- 
ponent 1) and a crosslinked polymer molecule 
(component 2). Following Flory and Rehner, the 
change in chemical potential of component 1 con- 
sists of a mixing contribution and an elastic contri- 
bution: 

Apl = A p P  + 
= pl(in the gel) - pl(pure) (1) 

When the swollen gel is in equilibrium with the sur- 
rounding solvent, Apl = 0. 

We use Flory-Huggins theoryI7 for ApL;Lix: 
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where kB is the Boltzmann constant, T is the ab- 
solute temperature, 4z is the volume fraction of 
polymer, and x is the Flory interaction parameter. 

We also use the Flory-Rehner theory17-" to cal- 
culate ApY'as: 

where a is the expansion factor, N the number of 
segments between junction points, [ the cycle rank, 
and Y the number of total chains. For a perfect net- 
work, 

where f is the functionality of a network. 

(4) 

Expansion Factor 

We use the affine m0de1'~-~' to calculate the expan- 
sion factor. The affine model assumes that the net- 
work chains deform affinely with the volume of a 
gel:17-21 

If3 
a! = (2) (5) 

where c$o is the volume fraction of polymer in the 
reference state where the conformation of network 
chains is closest to that of unperturbed Gaussian 
chains.22 The reference state, however, cannot be 
chosen exactly.22 In this work, we approximate $o 
as the volume fraction of polyacrylamide gels a t  
preparation. 

For comparison, we also use the blob model by 
BrochardZ3 and Painter and S h e n ~ y ~ ~  to calculate 
the expansion factor. The blob mode123v24 does not 
assume affine deformation of a gel. The blob model 
represents a polymer gel by a collection of swollen 
network chains exhibiting the excluded volume ef- 
fect. Packing factor P is used to specify the packing 
condition of network chains. 

In the blob model, the volume fraction of polymer 
4z is the average volume fraction of polymer inside 
a swollen network chain. We define packing factor 
P such that the overall volume fraction of polymer 
is equal to P$J~. Painter and ShenoyZ4 give an ap- 
proximate relationship between P and f :  

p = -  f 
8 

The packing factor may also be preset to 0.637, the 
filling factor for a random close packing of ~pheres.2~ 
In the blob model, the expansion factor is given byz4 

(7 )  

As a measure of the swelling capacity of a gel, we 
define swelling factor Q by 

1 Q--- 
P4e 

where 4e is the equilibrium volume fraction of poly- 
mer. For the affine model, P = 1. The equation of 
phase equilibrium is obtained from combining eqs. 
(I), (2), and (3): 

f a 2 - -  1 - -  F - = o  4 e  (9) " N ( ' ) N  

HETEROGENEOUS GEL: RESULTS AND 
DISCUSSION 

Ideal Network 

To illustrate the difference between the swelling be- 
havior of an ideal network and that of a heteroge- 
neous polyacrylamide gel, we first review the swelling 
equilibria for (nearly) ideal gels in a good solvent. 
For ideal gels, detailed analysis of swelling equilibria 
is given by Painter and Shen~y. '~  Figure l(a) shows 
the swelling factor for polystyrene gels (f = 3) in 
benzenez5 as a function of M ,  the molecular weight 
of network chains. 

Theoretical curves were calculated with X = 0.475, 
4o = 1, and N given by 

where DP is the degree of polymerization of the net- 
work chain and C ,  is a proportionality constant 
which was adjusted such that theory agrees with ex- 
periment a t  M = 30,300. Parameters used in theo- 
retical calculations are given in the caption for Fig- 
ure l(a). The Flory interaction parameter was ob- 
tained by linearly extrapolating to 4z = 0, the 
measured interaction parameters for the system 
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Figure 1 ( a )  Swelling factor for ideal polystyrene gels 
( f  = 3) in benzenez5: ( -  - -)  blob model with P = 0.375 
and C, = 4.30; ( -  - -) blob model with P = 0.637 and C, 
= 1.69; (-) affine model with C, = 0.0544. (b )  Swelling 
factor for heterogeneous polyacrylamide gelsg: (- - -) blob 
model with P = 0.5 and No = 48.6; ( -  - -) blob model with 
P = 0.637 and No = 70.0; (-) affine model with No 
= 428. 

noncrosslinked polystyrene/benzene in the range 42 
= 0.3 to 0.8 reported by Noda et aLZ6 

Experimental data in Figure l(a) lie almost on a 
straight line. The blob model and experiment show 
good agreement. Theoretical curves for the blob 
model depend only slightly on the packing factor. 

Polyacrylamide Gels 

We next consider swelling equilibria for polyacryl- 
amide gels synthesized in water by free-radical co- 
polymerization of acrylamide and N,N-methylene- 
bis(acry1amide). Literature data are expressed in 

terms of two monomer concentrations at preparation 
defined by5,' 

%C 

moles of crosslink monomer in feed solution 
total moles of monomer in feed solution 

- - - 

x 100 (11) 

%T= x 100 (12) 
mass of all monomers (g) 

volume of water (mL) 

The number of segments between junction points 
N is related to q50 by 

.Nup 
40 = - 

VO 

where up is the segment volume and Vo is the volume 
of a gel at preparation. For a perfect network, where 
one cross-link monomer forms one junction point, 
the number of total chains is given by 

where N, is the number of total cross-link monomers 
in a feed solution. For a perfect network, eqs. (13) 
and (14) give 

#O N - -  
Nc 

Effect of %C at Fixed %T 

Consider swelling equilibria for a series of gels hav- 
ing a fixed %T (i.e., constant Go) prepared at  various 
%C. From eq. (15), for a perfect network, 

1 
N - -  

Nc 

Further, the weight fraction of crosslink monomers 
is essentially proportional to %C when %C is small. 
Therefore, 

1 
N--  

%C 

Figure l(b) shows the swelling factor as a function 
of %C for polyacrylamide gels synthesized at fixed 
% T.4,9,12 Theoretical curves are for 5% T gels with X 
= 0.466', f = 4, and N given by 



1638 HINO AND PRAUSNITZ 

N = -  NO 
%C 

where No is a proportionality constant adjusted such 
that theory agrees with experiment at %C = 0.1. 
Parameters used in theoretical calculations are given 
in the caption for Figure l(b). Similar to the results 
shown in Figure l(a), the affine model underesti- 
mates the slope of the swelling factor. In addition, 
agreement between the blob model and experiment 
is not as good as that for an ideal network shown in 
Figure l(a). Agreement of theory and experiment 
does not improve by adjusting f. 

Poor agreement of theory with experiment is most 
likely caused by the incorrect limit of eq. (15), 
namely, N + co as N, + 0, which implies Q -P co 
as %C + 0. On synthesizing polyacrylamide gels, 
however, a permanent network cannot be formed 
below a certain minimum value of %C or %T that 
corresponds to the sol-gel transition point where a 
gel swells to a very large extent. 

To represent swelling equilibria for polyacryl- 
amide gels as a function of %C, we assume a rea- 
sonable relationship between N and % C  

NO 
%C - %C* 

N =  

where %C* is a constant that depends only on Cpo 
and is independent of %C. Parameter %C* should 
be positive because this parameter crudely repre- 
sents the crosslink monomer concentration at the 
sol-gel transition point for polyacrylamide gels 
prepared at fixed %T. Figure 2(a) compares ex- 
periment4*9,’2 and theory with N given by eq. (19). 
The modified affine model shows better agreement 
with experiment than the modified blob model. For 
5%T gels, however, theory and experiment are only 
in fair agreement, probably because of clustering of 
crosslink monomers a t  high %‘oc; such clustering 
prevents crosslink monomers from forming junction 
points. Using the modified affine model, Figure 2(b) 
shows the swelling factor for 5%T gels? The dash- 
dot curve is a fit to the data between %C = 0.4 and 
2, where theory and experiment show good agree- 
ment. 

The blob model does not assume affine defor- 
mation of a gel and correlates swelling equilibria of 
an ideal network better than the affine model. The 
modified blob model, however, cannot correlate 
swelling equilibria for heterogeneous polyacrylamide 
gels shown in Figure 2. In the following calculations, 
we use only the modified affine model with f = 4 to 
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Figure 2 ( a )  Swelling factor for polyacrylamide gels at 
fixed %T. Points are experimental data.4y9J2 For the mod- 
ified affine model, parameters for eq. ( 19) are as follows: 
( 0)4 %T = 15, No = 224, %C* = 0.0460; ( +)12 %T = 8.6, 

= 0.0445. For the modified blob model (15%Tgels), pa- 
rameters for eq. (19) are P = 0.5, No = 48.7, and %C* 
= 0.0000227. ( b )  Swelling factor for 5%T gelsg: (-) 
modified affine model with parameters used in Figure 2 (a) ; 
( - - - )  fit to the data between %C = 0.4 and 2 by the 
modified affine model with eq. (19); No = 877 and %C* 
= 0.106. 

No = 322, %C* 0.0373; (H)9 %T = 5, No = 977, %C* 

correlate swelling equilibria for heterogeneous poly- 
acrylamide gels to the monomer concentration at  
preparation. 

Effect of %T at Fixed %C 

For a perfect network synthesized at fixed %C, N, 
is proportional to (bo which depends on %T. In that 
event, eq. (15) shows that N is independent of Cpo. 
Because for the blob model is independent of 
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40, the blob model predicts that the swelling factor 
is independent of Go. In the affine model, the swelling 
factor slightly depends on 4o because the expansion 
factor depends on do as given by eq. ( 5 ) .  

Experimental data," however, show a strong de- 
pendence of the swelling factor on Go. Figure 3(a) 
shows the swelling factor for polyacrylamide gels 
having %C = 0.61.l' Theory and experiment show 
good agreement by using the modified affine model 
with N given by 

(20) 

where 4: is a positive constant that depends on %C 
but is independent of 4% Similar to %C* in eq. (19), 
parameter 4; crudely represents the total monomer 
concentration at the sol-gel transition point for 
polyacrylamide gels prepared at fixed % C. Param- 
eters used in theoretical calculations are given in 
the caption for Figure 3(a). 

N = -  NO 
40 - 4; 

Effect of %Tat Fixed N, 
Finally, we consider a series of gels synthesized by 
varying %T (i.e., &) at  fixed N,. For a perfect net- 
work, N is proportional to Cb0, and a gel swells more 
as c $ ~  rises. Experimental data by Hu et a1.: however, 
show that the swelling factor decreases as 4o in- 
creases. 

Figure 3(b) shows the swelling factor for a series 
of polyacrylamide gels synthesized with a fixed 
amount of crosslink monomers in a feed ~olu t ion .~  
The curve is a fit using the modified affine model 
with N given by 

where 4; is a positive constant that depends on N, 
but is independent of 40. Parameter 4; = 0.0169 
represents the total monomer concentration at the 
sol-gel transition point for polyacrylamide gels pre- 
pared at fixed N,. Indeed, Hu et al.4 report that the 
pregel solution with 4o = 0.016 did not form a gel. 
For a series of polyacrylamide gels in Figure 3(b), 
the swelling factor decreases with q50, probably be- 
cause significant clustering of crosslink monomers 
occurs a t  small q$,. 

CONCLUSIONS 

Swelling equilibria for heterogeneous polyacryl- 
amide gels were correlated by using an extended af- 
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Figure 3 ( a )  Swelling factor for polyacrylamide gels at  
fixed %C = 0.61." Parameters for the modified affine 
model with eq. (20)  are No = 31.9 and #: = 0.0186. (b)  
Swelling factor for polyacrylamide gels having a fixed 
number of cross-link monomers.' Parameters for the 
modified affine model with eq. (21) are No = 446 and 
6: = 0.0169. 

fine model for the elastic contribution to the Helm- 
holtz energy of mixing. Semiempirical parameters 
were introduced into the equation for a perfect net- 
work that relates the number of segments between 
junction points to the monomer concentration at  
preparation. These parameters provide a reasonable 
representation of the sol-gel transition concentra- 
tions of polyacrylamide gels that may be obtained 
from kinetic models of network formation.27 Mod- 
ified theory and experiment show good agreement. 
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